A short survey on different derivations of the explicit formula for the arithmetic -geometric sums and their generalizations is given in the introductory part of the paper. Moreover, an explicit formula for certain generalized arithmetic -geometric sums is established using the concept of k th differentiation and Leibniz formula. The formula is expressed in terms of the generalized Eulerian polynomials.
Introduction
The generalized arithmetic-geometric sum studied by L.C. Hsu [10] is defined in terms of the generalized falling factorial of k of degree p and increment h. That is,
where (k|h) p = p−1 j=0 (k − jh), p = 1, 2, 3, . . . and (k|h) 0 = 1. We see that, if h = 0, (2.1) reduces to the form
The sum S a,p (n) has been investigated by many mathematicians using different method to find its explicit formula. R.A. Khan [9] introduced a simple integral approach that can be presented in all generality with just a basic knowledge in calculus. D. Sullivan [14] used a simple and elegant recursion formula to study this problem. A.W.F. Edwards [6] employed a matrix formulation which is very intimately connected to Pascal's Triangle and Binomial Theorem. N. Gauthier [7] presented a calculus-based method, writing the sum as a n times a polynomial of degree p in n plus a term which is n -independent in which the coefficients are then determined recursively. G.F.C. de Bruyn [5] derived the explicit expressions for S a,p (n) in determinant form from the recurrence formulas in terms of powers of n and n+1. The work of L.C. Hsu [10] expressed (1) in terms of the degenerate Stirling numbers S(p, j/h) of Carlitz [3] which is defined by
and, consequently, expressed (2) 
where A p (a) is the Eulerian polynomial in a of degree p, and p is a positive integer. Another way of defining the classical Eulerian polynomial A p (a) is through the form given by
where A(p, k) are called Eulerian numbers given explicitly by
The polynomials defined in (3) and (4) appeared in the explicit formula of the arithmetic-geometric sum in the paper of L.C. Hsu and E.L. Tan [12] . Recently, Cirnu [2] obtained this Eulerian numbers representation (3) in a simple manner using Cauchy-Mertens Theorem. In 1998, L.C. Hsu and P. J. Shiue [11] introduced two kinds of generalized Eulerian polynomials which is associated in the constructions of certain explicit formulas for an extended arithmetic-geometric sum. They formulated closed summation formula for the expressions
where λ and θ are real or complex numbers and |a| < 1 for S(∞). Evidently, (6) and (7) will reduce to
respectively, when λ = θ = 0. It is worth mentioning that L.C. Hsu [10] already obtained explicit formula for (6) when λ = 0. The explicit formula for (6) is given by
while the explicit formula for (7) is given by
The numbers S(p, j, λ|θ) (0 ≤ j ≤ p) are called the Howard's degenerate weighted Stirling numbers [8] which are defined by either the generating function
or, by the basis -transformation relation
In fact, the equivalence between (9) and (10) may be verified by means of the recurrence relations Parallel to the definition of the classical Eulerian polynomials in (3), the generalized Eulerian polynomials A p (a, λ|h) may be defined, based on (8), as
where |a| < 1 and A p (a, λ|h) is a polynomial in a of degree p units with
If h = 0, A p (a|0) = A p (a) and (12) reduces to (3).
Using (8) and (11), one can easily see that the polynomials A p (a, λ|θ) satisfy
or, equivalently
where the numbers A(p, j, λ|θ) were shown in [11] to be equal to
L.C. Hsu and P.J. Shiue [11] called A p (a, λ|θ) as the generalized Eulerian polynomial of the first kind. In particular when λ = θ = 0 we obtain the classical Eulerian polynomial A p (a) in (3) and (4) and the classical Eulerian numbers
On the other hand, the second kind of generalized Eulerian polynomials is given by
where A p (a, α) and A(p, j, α) (0 ≤ j ≤ p) may be called Dickson -Eulerian Polynomial and Dickson -Eulerian numbers, respectively. Here, we derive an explicit formula for the generalized arithmetic -geometric sum n k=0 a k (k + λ|h) p which will be expressed in terms of the first kind generalized Eulerian polynomial. Moreover, some examples will be given to illustrate the usefulness of the formula. For better representation of the sum, we use the following notation
Main Results
The explicit formula that we are going to derive for S a,h,p (n, λ) is parallel to those formulas obtained in [12] . Now, let us consider first the following lemma which is useful in obtaining the desired explicit formula.
Lemma 2.1. For |a| < 1, we have
Proof. Choose > 0 very small so that |θ − 1| < with |a| < 1, |aθ
term by term any number of times in a neighboorhood of |θ − 1| < . Since,
we have
By (11) we have
Now, we are ready to introduce the main result of this paper which is given in the following theorem.
Theorem 2.2. For any given integer p ≥ 0, there holds the explicit formula
Proof. Consider the sum
Taking the pth derivative of S(n, λ, θ) with respect to θ, we have
Evaluating this at θ = 1, we obtain
Note that S(n, λ, θ) can be expressed further as
Hence, using (16) and applying Leibniz's product formula, we get,
By Lemma 2.1 with |a| < 1, we easily obtain (15). 
This further gives
The latter is the refined explicit formula in terms of powers of (n + 1) proposed by E.L. Tan and L.C. Hsu [12] .
Example 2.4. Let n = 300, p = 3, h = 1. Then 
